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Abstract
This document describes how to determine the implied loss distribution of a credit portfolio from CDO tranche quotes. Our loss surface is consistently calibrated to
market quotes for all tranches and maturities. It can be applied for the pricing of
(bespoke) CDO tranches and Nth-to-Default swaps or it can serve as an initial

1 Introduction
Many approaches to CDO pricing have been published. However, today’s
market standard model for CDO valuation is still Base correlation
(see [4]), which is based on the Gaussian copula model introduced by Li
[5] in 2000. It is often criticized not to be (guaranteed) arbitrage-free and
for its missing time dynamic. On the other hand we have the so-called
skew models, which try to fit the market data with a unique set of parameters. For instance they apply different copulas or use correlation in
a more flexible way. But in contradiction to Base correlation, these models often suffer from calibration problems, i.e. the calibration is rather
time-consuming and a fit to market quotes cannot be guaranteed.
Recently a new class of dynamic loss models, amongst others presented by
Schönbucher [6], Sidenius, Piterbarg and Andersen [7] or Kraft and
Steffensen [8], occurred, which seems to provide both market fit and
time dynamic. These models turn the attention to the dynamics of the
portfolio loss distributions and their application to the valuation of
CDO tranches.
In this article we explain how to obtain a reliable implied loss surface
of a credit portfolio using means of a simple CDS bootstrap and sequential quadratic programming (SQP). Besides smoothness this distribution
fulfills the requirement of a perfect fit to CDO market data for all maturities and tranches. It can be used directly to obtain arbitrage-free prices
of bespoke tranches or as initial distribution for other models.
The paper at hand is structured as follows: In section 2 we will clarify
some notational conventions. Then in section 3 we proceed explaining
the model of portfolio tranche losses and how these can be obtained
using a simple CDS bootstrap. Also we comment on the calibration of the
discrete and hybrid continuous loss distributions. Finally in section 4 we
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distribution for dynamic loss models. The calibration is done numerically by solving a nonlinear optimization problem with Sequential Quadratic Programming.

Keywords
CDO Pricing, NTD Pricing, Credit Portfolio, Implied Loss Distribution, Sequential
Quadratic Programming.

present the numerical results, give interpretations and finish with the
conclusion in section 5.

2 Notation
In this section we explain, how we are able to valuate a CDO analogously
to a CDS using the normalized expected losses. A CDO is a payoff contingent on the losses on a portfolio of obligors. Lets denote the number of
obligors by M. The portfolio is represented as a vector of notionals wm .

These are assumed to be normalized to one, i.e. M
m=1 wm = 1 . If name m
defaults, the portfolio notional is reduced by wm (1 − Rm ), where Rm is the
Lt until t is thus given by
recovery rate of obligor m. The cumulative loss 

Lt :=

M


wm (1 − Rm )11{τm ≤t} ∈ [0, 1],

m=1

where τm is the default time of the m-th obligor. Given a tranche [a, d],
where a and d denote the attachment point respectively detachment
point in percentage, the loss of the tranche is defined as


+

Lt − a , d − a ∈ [0, d − a].
Lt (a, d) = min 
The normalized loss is

Lt (a, d)
∈ [0, 1] and let
d−a
lt (a, d) = IE[Lt (a, d)].

Lt (a, d) =

(1)

Thereby we are able to calculate the present values. In their exact form
these are given as follows:
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 Premium leg:



PVPremium Leg = s

N




αi Df (Ti ) 1 − lTi (a, d)

3 Calibration of the Implied Loss
Distribution



3.1 Model Setup

i=1

+

N


Ti

i=1

T i− 1

α(Ti−1 , s)Df (s)φa,d (s)ds

where the yearfractions are denoted by αi , the riskless discount factors by
Df (.) , the payment dates by Ti and the swap rate by s. The yearfraction
α(Ti−1 , s) inside the integral refers to time from Ti−1 to s instead of Ti .
The normalized loss density function φa,d (.) is defined by
φa,d (s) :=

∂lt (a, d)
∂t

A CDO is completely characterized by its loss distribution which shall be
explained in this section. Lets say this distribution is given by the loss
density function ϕt (.) for a given date t. Then we get for the expected
cumulative loss
1

l̃t (a, d) = E[L̃t (a, d)] =

This can be rewritten as
t=s
1

 Credit leg:

l̃t (a, d) =

min((x − a)+ , d − a)ϕt (x)dx

0

T

PVCredit Leg =

min((x − a)+ , d − a)ϕt (x)dx.

0

Df (s)φa,d (s)ds

1

(2)

(min(x, d) − min(x, a))ϕ t (x)dx

=

0

0

We use following well-known approximations to calculate these present
values:
 Premium leg:
PVPremium Leg ≈ s

N


αi Df (Ti )(1 − lTi (a, d))

= E[L̃t (0, d)] − E[L̃t (0, a)]
= l̃t (0, d) − l̃t (0, a),

which implies

i=1

+

1
Df
2

Ti + Ti−1
2

(lTi (a, d) − lTi− 1 (a, d))

Ti + Ti−1
2

(lTi (a, d) − lTi− 1 (a, d))

 Credit leg:
PVCredit Leg ≈

N


Df

i=1

Remark: The Equivalence between CDO and CDS Pricing

l̃t (0, al ) =

PVPremium Leg ≈ s

αi Df (Ti )sti (a, d)

PVCredit Leg ≈

Ti + Ti−1
2

(sti− 1 (a, d) − sti (a, d))

N


Ti + Ti−1
2

(sti− 1 (a, d) − sti (a, d))

i=1

Df

∂ ∫10 min(x, a)ϕt (x)dx
∂ l̃t (0, a)
=
∂a
∂a
1

=
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ϕt (x)dx
a

= Pt (x > a)

Therefore we have for dx  a
lt (a, a + dx) =

l̃t (a, a + dx)
≈ Pt (x > a).
dx

Hence the normalized expected tranchelet loss gives us approximately
the probability that the loss is bigger than its attachment point. A second
derivation leads us to the density ϕt (.) of the loss distribution
ϕt (a) = −

∂ 2 l̃t (0, a)
.
∂2a

Thus to respect the no-arbitrage principle, i.e. a positive density and a monotonously increasing loss distribution in time, we have to ensure that
∂ 2 l̃t (0, a)
≤ 0,
∂2a
∂ 2 l̃t (0, a)
≥ 0.
∂a∂t

Note, that equivalent relationships hold in a discrete setting.

^

Assuming a recovery rate of zero, this looks exactly like the pricing formula for a standard CDS, where the expected tranche notionals replace
the survival probabilities. So once we calculated the term structure of
tranche survival probabilities for a particular basket in a consistent way,
we are able to price all CDOs relying on this tranche. If we consider that
most trades are done on standard tranches and differ only in swap rate,
maturity and notional amount, this enables us to massively reduce the
total computational time needed for a portfolio of CDO positions, once
we calculated the loss distribution. In the following section we will show
how to imply these expected tranche notionals from market quotes.

(3)

for some given attachment points ai , 0 ≤ i ≤ K . Differentiating once w.r.t.
the detachment point we obtain the probability that the loss exceeds the
detachment point:

i=1

1
+ Df
2

l̃t (ak−1 , ak )

k=1

Now let us define a new notation sti (a, d) := 1 − lti (a, d) and call it
“expected tranche notional’’. Then the formulas rewrite as:
N


l
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Main Calibration Steps
A nearby way to determine the loss density ϕt (.) would be to calculate
first the l̃t (0, .) for the standard detachments points (with formulas (1,3)
and lt (a, d) via Base correlation or bootstrapped from market quotes), interpolate and then differentiate it twice. But it would be very hard to fulfill the above no-arbitrage conditions this way: Linear interpolation or
standard cubic splines will lead to a density equal to zero between the attachment points or even negative densities, respectively. In fact there exists a class of concavity preserving cubic splines, but these don’t preserve
the continuity of the second derivative, which leads to a weird looking
and jumping loss density.
Hence, in order to circumvent these difficulties, we model the loss
distribution directly. Our approach consists of two successive steps. First
we apply a preliminary bootstrapping algorithm to obtain the normalized expected tranche losses l̃t (ak , dk ) for the quarterly payment dates
identified by t ∈ {1, . . . , TMaturity } and standard tranches [ak , bk ]. To determine these values we can use any CDS bootstrap algorithm, where we
have to check that the results are arbitrage free, that means in particular
increasing in time and decreasing in tranche seniority.
In the second part we calibrate the loss distribution. For the fitting
process we choose an objective function which maintains perfect fit to
the expected tranche losses and smoothness. We will use the so-called
Sequential Quadratic Programming algorithm (SQP algorithm) to solve this
optimization problem. The obtained loss distribution can finally be used
for fast valuation or as start distribution for dynamic loss models.

3.2 Preliminary Expected Loss Bootstrap
The first part of our proceeding is a simple bootstrapping algorithm
which is a matter of common knowledge and its description in this paper
shall be kept brief to turn the reader’s attention to the second part of this
approach. To understand the bootstrap lets have a look at the following
quotes for ITRAXX-tranches with maturities of 3, 5, 7 and 10 years as listed in table 1 below.
For different maturities the payment dates are assumed to coincide
for overlapping time intervals, i.e. for maturity T5years the payment dates
up to 3 years coincide with the payment dates for maturity T3years .
Analogously to a CDS-bootstrap the term structure of the normalized
expected losses lt (a, d) has to be determined for each tranche. We have
NT


sT =



Df (Ti )αi (1 − lTi (a, d) + 12 (lTi (a, d) − lTi− 1 (a, d))

i=1
NT


Dfi (lTi (a, d) − ltT −1 (a, d))

Table 1: ITRAXX-mid quotes from 01-Sep-2006
(*upfront is quoted—spread is at 5%)
ITRAXX
Tranche
∗

0–3%
3–6%
6–9%
9–12%
12–22%
22–100%

3 years
2.3%
0.0575%
0.03%
-
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7 years

15.5%
0.48625%
0.145%
0.0725%
0.03%
0.0095%

10 years

32.25%
1.435%
0.43%
0.2025%
0.07375%
0.0245%

46.0%
4.105%
1.03%
0.45%
0.17%
0.0415%

Observe that in the beginning the expected loss for mezzanine
tranches or more senior ones is zero, since all the loss is concentrated in
the equity tranche, or in other words first the equity tranche has to be
“eaten up’’ before the mezzanine tranche is touched. For higher maturities the losses are growing synchronously, since the loss distribution has
become wide and flat, which will be illustrated later.

3.3 Calibration of the Discrete Loss Distribution
For a well-suited calibration process the tranches have to be consecutive
and to start at zero, i.e. a0 = 0 and ak = dk−1 . Once having obtained the
term structure of normalized expected losses for the consecutive tranches implied by market quotes and denoted by
l∗Ti (ak , dk ) for all k = 0, . . . , K and i = 0, . . . , N10years ,

we want to find smooth arbitrage-free loss distributions to hit these losses at each payment date Ti . We approximate the loss distribution by a grid
of loss amounts corresponding to the number of defaults. For a given
date t we consider a Q-dimensional vector qt of default probabilities,
where
m(1 − R)

qm
t := P Lt =
M

.

The size of qt , denoted by Q , has not necessarily to be equal to the number
of names M since for low-yield indices, as ITRAXX for instance, the probability of the occurence of more than say 80 defaults can be surely neglected. The approach is based on a constant recovery level and aims to fit these
probabilities in order to hit the expected normalized tranche losses as described above. In this discrete setting we calculate the losses as follows:

i=1

for a given maturity T and tranche [a, d]. Note, that the losses of the premium leg of the super senior tranche has to be adjusted by the expected
recovery payments. The bootstrap can be done step by step starting at the
lowest maturity (i.e. 3 years) or simultaneously for all maturities (i.e.
T = 3, 5, 7 or 10 years) which leads to a high dimensional optimization
problem. We prefer to use the second approach, because the resulting expected losses lt (a, d) are more smooth than using the iterative method.
We obtain the following term structure of normalized expected losses as
shown in figure 1.

5 years

lt (a, d) =

Q


La,d (m)qm
t with

m=0

=

md

m=m a

La,d (m)qm
t +

Q


qm
t .

m=m d +1

min(( Mm (1 − R) − a)+ , d − a)
La,d (m) :=
d−a

Here ma identifies the first influencing default probabilities and md
defines the last index within the tranche given by [a, d]. We assume a
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same size as qt and by minimizing the objective function
this distribution is tried to be resembled by qt . As the approach in [9] suggests, a possible choice for p could be the
binomial distribution or the loss distribution implied by a
Gaussian copula. But because of the fact that we will fit
these losses at consecutive payment dates Ti , it could be
more reasonable to use the fit obtained at the previous payment date. The second part of the objective function handles the task of smoothing. Smoothness in the discrete
setting refers to a small distance between two neighboring
probabilities. A possible choice for this smoothing function
could be

1−p
p
+ (q − p) log
d(p, q) = (p − q) log
q
1−q

Figure 1: Normalized expected losses bootstrapped from Table 1.

constant recovery rate and equal notionals which sum up to one. We
want to explain our method in this setting to maintain insight. However
it can easily be modified to a more general setup using an arbitrary loss
unit x which implies
min((m ∗ x − a)+ , d − a)
.
La,d (m) :=
d−a

To obtain the loss distribution we solve the following nonlinear optimization problem.
Optimization Problem in the Discrete Setting
min f (qt , p, α, β) = min α
qt

∈R Q

qt

∈R Q

Q

m=0

qm
t log

qm
t
pm

Q −1

+β



d2 (qm+1
, qm
t
t )

m=0

with constraints

as used in [1] for CDS bootstrapping.
Note, that at each payment date we require already the
initial start vector to be well-defined and to hit the expected
losses. What we are optimizing here is only the shape and the smoothness of the loss distribution. So the benefit of this optimization problem
is the fact, that we ensure a perfect fit from the beginning. To solve this
optimization problem, we use an SQP line-search algorithm which shall be
described in Appendix A.

3.4 Calibration of the Hybrid Continuous Loss
Distribution
Now that we obtained a discrete version of the portfolio loss distribution
the extension to the continuous world is straightforward. Here we found a
hybrid version of the distribution to be useful: The distribution shall consist of a discrete point q0 containing the probability P(Loss = 0) and a collection of points qm which serve as a grid for some kind of interpolation to
obtain a continuous density function. We combine these points in a vector qt for a given time t. Now we return to the former calculation of the
normalized expected losses as described in section 2 and 3. For time t, a
loss unit , a tranche [a, d] and some loss density function ϕt (.) we have
1

lt (a, d) =

≥ 0, 0 ≤ m ≤ Q

a)

qm
t

b)

1−

Q


La,d
x (x)ϕ t (x)dx

with

0

Lxa,d (x) =

qm
t = 0

min((x ∗  − a)+ , d − a)
.
d−a

m=0
m

c)

dk


Lak ,dk (m)qm
t +

m=m a k

Q


∗
qm
t = lt (ak , dk ), 0 ≤ k ≤ K .

m=m d k +1
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lt (a, d) =

Q −1



m

m=1

m−1

La,d
x (x)ϕ m,m+1 (x)dx
d

=




m=

a


Q −1

m

Lxa,d (x)ϕm,m+1 (x)dx +
+1

m−1



m=

d


m

ϕm,m+1 (x)dx
+1

m−1

The nonlinear optimization problem which is solved in this framework is
obtained directly:

^

The optimization problem consists of an objective function and constraints. Regarding the constraints, we observe that the Q inequality constraints a) and equality constraint b) ensure that the probabilities are
well-defined. The constraints (c) restrict the feasible domain more intense
providing that the bootstrapped normalized expected losses are hit
exactly.
The objective function consists of two parts which are weighted by
the parameters α and β . The first part of the function represents a kind of
adapting part. We provide a chosen distribution vector p which has the

Similarly to the discrete setting this equation can be rewritten by choosing a sufficient size Q of qt and a linear interpolating function ϕm,m+1 (.)
for probabilities qmt and qm+1
over the interval [m − 1, m], 1 ≤ m ≤ Q − 1 :
t

97

min f (qt , p, α, β) = min α
q t ∈R Q

q t ∈R Q

Q


qm
t log

m=0

qm
t
pm

Q −1

+β



d2 (qm+1
, qm
t
t )

m=1

with constraints:
a)

qm
t ≥ 0, 0 ≤ m ≤ Q


b)

c)

Table 3: P(Loss = 0) of the hybrid
continuous loss distributions for
ITRAXX and CDX

Q −1

1 − q0t +
Q −1



m

m=1

m−1



m

m=1

m−1

P(Loss = 0)
Date
ϕm,m+1 (x)dx

=0

Lax k ,dk (x)ϕm,m+1 (x)dx = l∗t (ak , dk ), 0 ≤ k ≤ K

The construction of a starting vector for the SQP algorithm is also done
in an analog way. By choosing the target distribution and reasonable parameters α and β one can easily fit the model to receive results which
yield sensible prices.

4 Numerical Results
In this section we would like to present some of the results we achieved
by using the loss distribution in valuation. Applying the described
method to 40 payment dates from 20-Sep-06 to 20-Jun-16 with R = 40 %,
α = 1.0, β = 0.5 and Q = 80 the resulting discrete and hybrid continuous loss distributions from the ITRAXX-quotes of Table 1 and CDX-quotes
of Table 2 are shown in the following subsections.
We don’t show here any tables, which outline the quality of the fit
of the calibrated loss distribution to market data, because the fit is always perfect due to the SQP algorithm as already mentioned. This algorithm requires a start vector which perfectly matches the constraints and
then minimizes the objective function while the constraints are never violated. In Appendix B we suggest a method to determine such a start
distribution.

20-Sep-2006
20-Jun-2007
20-Mrz-2008
22-Dez-2008
21-Sep-2009
21-Jun-2010
21-Mar-2011
20-Dez-2011
20-Sep-2012
20-Jun-2013
20-Mrz-2014
22-Dez-2014
21-Sep-2015
20-Jun-2016

ITRAXX
99.327617%
88.997358%
73.224947%
53.603483%
34.016882%
18.741085%
11.490074%
8.184239%
5.024896%
2.886059%
1.684177%
1.103186%
0.847437%
0.779551%

CDX
98.954912%
82.408237%
61.749573%
39.750117%
21.146623%
9.910157%
5.954497%
4.768988%
3.052856%
1.756783%
1.010326%
0.621033%
0.426980%
0.334901%

4.1 Loss Surfaces
The figures 2 and 3 show the discrete and hybrid loss surface of ITraxx
and the figures 4 and 5 are those them of CDX. The illustrations
of the hybrid continuous loss distributions do not present the
corresponding discrete values for P(Loss = 0) . These are delivered in addition by Table 3.

Table 2: CDX quotes from 01-Sep-2006
(*upfront is quoted – spread is at 5%)
CDX
Tranche

0– 3%∗
3– 7%
7– 10%
10– 15%
15– 30%
30– 100%

98

3 years

5 years

7.0%
0.105%
-

27.005%
0.7550%
0.165%
0.075%
0.04%
0.025%

7 years
43.505%
2.055%
0.46%
0.1975%
0.07%
0.035%

10 years
53.625%
4.895%
1.12%
0.53%
0.14%
0.046%

Figure 2: Discrete loss distribution of ITRAXX
In the discrete and hybrid case the probability of zero losses is 100%
in the beginning and then rapidly decreases in time. The loss surface as a
whole is in both cases widening and flattening while its mean is increasing. Furthermore we observe a smooth change of the loss distribution in
time due to the preliminary smooth bootstrap. Figure 6 shows the difference between the discrete loss distributions of ITRAXX and CDX at
Wilmott magazine
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Figure 3: Continuous loss distribution of ITRAXX

Figure 5: Continuous loss distribution of CDX

Table 4: Fair Spreads of 1% tranchelets
for ITRAXX 5 years
Fair Spreads ITRAXX
Detachment

Figure 4: Discrete loss distribution of CDX

Wilmott magazine

19.0179%
7.2509%
3.3322%
0.8321%
0.3950%
0.2335%
0.1758%
0.1436%
0.1157%
0.0892%
0.0699%
0.0584%
0.0483%
0.0422%
0.0375%
0.0336%
0.0304%
0.0277%
0.0247%
0.0621%

Discrete

Continuous

20.3190%
7.3063%
2.5880%
0.8427%
0.3712%
0.2461%
0.1878%
0.1418%
0.1055%
0.0824%
0.0709%
0.0641%
0.0575%
0.0498%
0.0413%
0.0332%
0.0266%
0.0220%
0.0191%
0.0175%

20.6189%
7.3015%
2.2999%
0.7755%
0.4015%
0.2827%
0.1986%
0.1355%
0.1009%
0.0834%
0.0720%
0.0621%
0.0528%
0.0447%
0.0381%
0.0327%
0.0284%
0.0251%
0.0224%
0.0202%

^

different maturities. The difference in credit exposure between the two
indices is noticed in the clear displacement of the corresponding curves.
The same is obtained from Table 3 showing a consistently lower probability level for the event of zero losses in the CDX portfolio.

1%
2%
3%
4%
5%
6%
7%
8%
9%
10%
11%
12%
13%
14%
15%
16%
17%
18%
19%
20%

Base Corr.
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5 Conclusion
Our model is a reliable, arbitrage-free and consistent pricing method for arbitrary maturities and tranches. Also it is
always perfectly calibrated to the market data, and is not
concerned with some least mean squares - fitting error as
in many other models. In particular, it enables us to calculate prices for tranchelets (also super-equity tranchelets)
and Nth -to-Default swaps. Thereby the calculation time is
extremely short, once the initial calibration has been
done, which takes around thirty seconds. Obviously it cannot be used as a standard model since it does not provide
any sensitivies with respect to the underlying obligors or
the index, but it can serve as the reference model to check
if other models are not too far out of the kilter with the
market.

APPENDIX A: The SQP Algorithm
Figure 6: Comparing loss probabilities for 5 and 10 year maturities

4.2 Fair Spreads
Having obtained a loss distribution we are also interested in valuation,
i.e. in the fair spread we get for bespoke tranches. We now want to compare the fair spreads implied by our loss distribution with the fair
spreads calculated with the Base correlation approach (see [4]). For the
calculation of the fair spreads via Base correlation we use spline interpolation between the detachment points and constant extrapolation in the
super equity tranchelets.
The results (see table 4 or figures 7 and 8) were calculated for a CDO
starting at 1-Sep-2006 with maturity T = 20 -Jun-2011. The computational
time to calculate the fair spreads from a given loss distribution for the
tranchelets is down to only a second or less, while the standard Gaussian approach needs about 30 seconds using a
given interpolated Base correlation.
The spreads are quite similar but the spreads implied by
the hybrid distribution seem to have less curvature. The
super equity tranchelets are more expensive with our new
approach as with flat extrapolated Base correlation. Even
though we were using a cubic spline interpolation (in contradiction to a crude linear or polynom interpolation) the
Base correlation method shows arbitrage in the most senior tranchelet.

SQP is short for Sequential Quadratic Programming. A basic description is
found in [2]. It is an analogon to Newton’s algorithm and used to solve arbitrary differentiable optimization problems. In this framework we regard a problem of the following form:
min f (x) with constraints
x∈IR n

(4)

(a) ci (x) = 0, i ∈ I=
(b) ci (x) ≥ 0, i ∈ I≥

Starting from a given vector xk within the feasible domain and a corresponding Lagrange multiplier λk , in every step k of the algorithm we
solve the quadratic subproblem

4.3 Implied Base Correlations
Figures 9 and 10 show the implied Base correlations for the
two indices calculated from the obtained fair spreads. The
shapes of the Base correlation curves look quite similar. The
super equity Base correlations are lying between flat extrapolated Base correlation and linear extrapolated Base
correlation, which is a reliable result.
Figure 7: Graphical illustration of the obtained fair spreads for ITRAXX-quotes
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To solve a problem of this type one follows another algorithmic approach defining a set indices identifying the active constraints corresponding to a special point x ∈ IRn . To
clarify this approach we consider the general quadratic
problem:
1
min xT Gx + xT d with constraints
p∈IR n 2
(a)

aTi x = bi , i ∈ I=

(b)

aTi x ≤ bi , i ∈ I≤

Then the set of active indices is defined via
Ia (x) := {i ∈ I= ∪ I≤ : aTi x = bi } = I= ∪ {i ∈ I≤ : aTi x = bi }.

As for the SQP-Algorithm a feasible point is needed to start
the calculation. In our case this is very simple because of
the feasible point xk for the original problem we just
choose xl = 0 ∈ IRn as initial vector to solve the quadratic
subproblem starting with l := 1. The fact, that this choice
is in the feasible domain can be easily observed in (5).
Starting from this point one defines the corresponding set
of indices Il with I= ⊆ Il ⊆ Ia (xl ) . Now one solves the quadratic problem defined via

Figure 8: Graphical illustration of the obtained fair spreads for CDX-quotes

min
p∈IR n

1
(xl + p)T G(xl + p) + (xl + p)T d
2

with equality constraints
• aTi (xl + p) = bi , i ∈ Il

which can be simplified to
min
p∈IR n

•

1 T
p Gp + pT dl with constraints
2

aTi p

(6)

= 0, i ∈ Il

and dl := d + Gxl . To state the corresponding Karush-KuhnTucker conditions for this problem we define
A = (a1 , . . . , a|Il | ) ∈ IRn×|Il | , b = (b1 , . . . , b|Il | )T ∈ IR|Il | and

Figure 9: Graphical illustration of the obtained implied Base correlations for ITRAXX-quotes

min

1 T
p W (xk , λk )p + ∇f (xk )T p with constraints
2

(a)

ci (xk ) + ∇ci (xk )T p = 0,

i ∈ I=

(b)

ci (xk ) + ∇ci (xk )T p ≥ 0,

i ∈ I≥

p∈IR n

(5)

where W represents the Hessian matrix of the Lagrangian Function L.
In terms:

L(x, λ) = f (x) −
λi ci (x)

λ = (λ1 , . . . , λ|Il | )T ∈ IR|Il |

and obtain the Lagrangian function L(x, λ) = 12 xT Gx + xT d − λT (b − AT x) .
Now a feasible point x∗ and its corresponding Lagrangian multiplier λ∗
have to fulfill the following necessary Karush-Kuhn-Tucker conditions to
be a solution of this problem:
∇x L(x∗ , λ∗ ) = Gx∗ + d + Aλ∗ = 0 and
∇λ L(x∗ , λ∗ ) = AT x∗ − b = 0

This leads to a simple system of equations which has to be solved to obtain the solution (x∗ , λ∗ ) of one of the subproblems of the form (6):

i∈I= ∪I≥
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AT

A
0

x∗
λ∗

=

−d
b

(7)

^

2
W (x, λ) = ∇xx
L(x, λ)
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If p∗ = 0 is obtained as a solution of (6) we stop the algorithm and check the Karush-Kuhn-Tucker conditions for the
corresponding x∗ , λ∗ and I∗ of the problem (5). The first condition ∇x L(x∗ , λ∗ ) = 0 can be easily fulfilled by setting λ∗i = 0
for i ∈ I≤ \I∗ . This also guarantees λ∗i (bi − aTi x∗ ) = 0 for
i ∈ I= ∪ I≤ . As a result of the algorithm leading to x∗ we also
fulfill the conditions
aTi x∗ = bi , i ∈ I= and
aTi x∗ ≤ bi , i ∈ I≤ .

The only condition left to prove is λ∗i ≥ 0 for i ∈ I≤ . Because
of λ∗i = 0 for i ∈ I≤ \I∗ we just have to check for a negative λ∗i
with i ∈ I∗ ∩ I≤ . In the case of no negative λ∗i the KarushKuhn-Tucker conditions are fulfilled and thus a solution is
obtained. If we find one or more λ∗i < 0 we have to erase the
corresponding constraints from the set I∗ and return to the
algorithm. One can prove that this procedure leads to a feasible point xˆ which fulfills all five Karush-Kuhn-Tucker conditions.
Figure 10: Graphical illustration of the obtained implied Base correlations for CDX-quotes
Having obtained a solution pk and a corresponding multiplier vector µk from the k-th quadratic subproblem of the form (5) we reTo ensure that the matrix of this system is regular, A ∈ IRn×|Il | needs to
turn to the actual SQP algorithm and construct the new iterate as
have full column rank and with |Il | < n we further have to guaranty the
follows:
condition Kern(G) ∩ Kern(AT ) = {0} . Otherwise we would be able to find a
xk+1
xk
pk
vector p ∈ IRn+|Il | \{0} which fulfills the following system and thus is a
:=
+ αk
µk − λk
λk+1
λk
contradiction to the required regularity:
Hence a reasonable step length parameter αk ∈ (0, 1] has to be determined.
G A
p = 0 ∈ IRn+|Il |
This is done via an approach using a so-called merit function. The step
T
A 0
length parameter should lead to a decrease of this merit function in
In our case this problem doesn’t occur because of the regularity of G,
comparison to the former xk . We are using the merit function:
which is given by the Hessian W of the Lagrangian function L and can be
shown to stay positive definite for all steps of the algorithm in our appliφr (α) := ψr (x + α p)
cations. Once proven regularity of the matrix in (7) we obtain a solution
pl of the subproblem (6) and define the new iterate xl+1 via:
ψr is the so-called L1 -penalty function of Powell [2] defined by


T


bi − ai xl
xl+1 := xl + αl pl with αl = min 1, min
(8)
ψr (x, λ) := f (x) +
ri |ci (x)| +
ri |min(0, ci (x))|
aTi pl
i∈I
/ l ,a Ti pl>0
i∈I=

The special definition of this step size αl results from two facts. If xl + pl
also fulfills the constraints
aTi (xl + pl) ≤ bi , i ∈ I≤ \Il

the minimum will return 1. Otherwise we have to choose a smaller step
size to guaranty the fulfillment of the constraints. That means ∀i ∈ I≤ \Il
with aTi pl > 0 we have to choose
αl ≤

bi − aTi xl
.
aTi pl

In the case αl < 1 we talk of one or more blocking constraints referring to
the special constraints for which the minimum in (8) is taken. According
to xl+1 we define a new set of indices Il+1 by adding one or more blocking
constraints to the former set Il .
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i∈I≥

using penalty parameters ri . These parameters serve to control the rating
of a constraint violation. We choose them as in Powell [2]:
(k)

ri

1 (k−1)
(k)
(k)
:= max(|λi |, (ri
+ |λi |)
2

In our implementation of the algorithm we start with αk = 1 for a given
iterate xk and compare the value of φr (αk ) with ψr (xk ). If we managed to
achieve a decrease of the merit function we keep the current αk and set
up the new quadratic subproblem with the resulting xk+1 , else we set
αk := αk ∗ δ with δ ∈ (0, 1) and try again. Due to the positive definite
Hessian of the Lagrangian function of our optimization tasks (note that
for d(p, q) chosen as recommended above, we are in fact minimizing a
strict convex function under linear constraints), the solution pk of the
quadratic subproblem is always a descent direction. Hence we find a so-
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lution to our optimization problems if pk = 0 is a solution to the
quadratic subproblem and the corresponding pair (xk , λk ) fulfills the
nonlinear Karush–Kuhn–Tucker conditons.

APPENDIX B: Choice of Start Vector
The success of the described algorithm used on this particular problem is
strongly dependent on the choice of a sufficient smooth start vector
which already fulfills the given constraints and doesn’t reside too far
away from the solution. Because the fitting starts at the first payment
date and is done step by step for each further date, we observed for example the following manner of creating a start vector as quite suitable.
The provided method shall serve as a simple orientation. It uses a
given guess q for the starting vector and trims it to fulfill the constraints.
For instance this guess could be chosen equal to the distribution vector p
which we try to resemble approximately in the objective function. This
guess should already fulfill the first Q + 1 constraints of our problem.
Starting at the most senior tranche we observe the error w.r.t. the loss
l∗t (ak , dk ) using this guess. The resulting loss lt (ak , dk ) could be either less
or greater than the loss we try to hit:
 lt (ak , dk ) < l∗t (ak , dk ) :
In this case we use the fact that the probability qm dk is the one that has
the greatest influence on the calculated tranche loss because of the
fact that
Lm dk > Ll ∀l < mdk .

Hence to raise the calculated loss lt (ak , dk ) we have to spend the least
probability mass if we only add some m dk to this last probability.
Doing so we still want to move in the feasible domain, i.e. we want to
guaranty the condition
1−

Q


Very rarely we observed a situation in which all probabilities
qm , mak ≤ m < mdk had to be set to zero because of a too high value for
m dk . In these cases we always had enough remaining probability
mass in q0 which simply could be reduced, because it doesn’t influence the loss calculation.
 lt (ak , dk ) > l∗t (ak , dk ) :
This other case, which also was observed very unfrequent, is more
simple to handle. Starting at the leftmost influencing probability qm ak
we reduce the probability mass until we fit the tranche loss l∗t (ak , dk ).

REFERENCES
[1] R. Martin, K. Thompson and C. Browne: Price and Probability, RISK Magazine (2001).
[2] M.J.D. Powell: A fast algorithm for nonlinearly constraint optimization calculations,
Numerical Analysis, G.A. Watson ed., Lecture Notes in Mathematics, Vol. 630, Springer
(1977).
[3] J. Hull, A. White: Valuation of a CDO and an nth to Default CDS Without Monte Carlo
Simulation, Working Paper (2004).
[4] Ahluwalia, Watts: JPMorgan: Introducing Base Correlation, JPMorgan, Research Report
(2004).
[5] D. X. Li: On Default Correlation: A Copula Function Approach, RISKMETRICS Working
Paper (2000).
[6] P. J. Schönbucher: A New Methodology for the Pricing of Portfolio Credit Derivatives,
Working Paper (2005).
[7] J. Sidenius, V. Piterbarg and L. Andersen: A New Framework for Dynamic Credit
Portfolio Loss Modelling, Working Paper (2005).
[8] H. Kraft, M. Steffensen: Bankruptcy, Counterparty Risk, and Contagion, Working Paper
(2006).
[9] L. Vacca: Index Tranche Pricing With Entropy Methods, Derivatives Week Learning
Curve (May, 2006).

qm = 0

m=0

to be fulfilled. Thus we calculate the increment over the following
formula:
+


m d k −1
m


Lak ,dk (m)min 
qn −  m d k  , qm 
m=m a k

n=m a k

+ Lak ,dk (mdk )(qm dk + m dk ) +

Q


qm

m=m d k +1

= l∗t (ak , dk )

W
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