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Abstract

ADE in a Nutshell: The One-Factor Diffusion Equation

In this article we apply the ADE method to a number of partial differential
equations in option pricing using one-factor models (Black–Scholes, local
volatility, uncertain volatility). We first give an introduction to ADE. We discuss the stability, accuracy, and performance of ADE for a generic one-factor
partial differential equation. Of particular importance is how we transform
a problem on an unbounded domain to one on a bounded domain, thus
avoiding complex mathematical techniques to find the optimal truncated
boundary and the determination of the corresponding numerical boundary
conditions.
The second part of the article examines a number of applications. We
show that oscillation-free Greeks make ADE a suitable candidate for uncertain volatility models. We also apply ADE to the problem of calibration of
local volatility using the Kolmogorov forward equation and show that the
performance and the accuracy obtained make ADE the method of choice
instead of the popular Crank–Nicolson method.

Since ADE is relatively unknown compared with other finite difference
methods, we feel that it is useful to give a simple problem to show the
essence of the method. We examine a one-factor initial boundary value
problem for the diffusion equation in an interval with Dirichlet (absorbing)
boundary conditions:

The ADE Method: Background and Applications
to Option Pricing Problems
The ADE method is documented in Saul’yev (1964) and was subsequently
applied to a range of problems in hydrology, soil mechanics, heat transfer,
and wave propagation (see Nusi et al., 2009; Larkin, 1964; Leung and Osher,
2005, for example). It has not appeared in the more popular textbooks.
Notable exceptions are Tannehill et al. (1997) and Roache (1998). Roache
mentions that the method has been applied to standalone diffusion and
convection (advection) equations but not to combined convection–diffusion
equations. It is interesting to note that ADE pre-dates the alternating direction implicit (ADI) methods and the method of fractional steps (also known
as the splitting method) by a number of years (see Richtnyer and Morton,
1967; Yanenko, 1971; Marchuk, 1975; Mitchell and Griffiths, 1980).
As far as we know, the first article that discusses the application of ADE to
one-factor option pricing problems is Duffy (2009). The current work now
becomes the second article that discusses the application of ADE to computational finance.
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∂u
∂2u
= a2 2 , 0 < x < L, t > 0
∂t
∂x
u(x, 0) = f (x), 0 ≤ x ≤ L
u(0, t) = A, u(L, t) = B, (A, B constant), t > 0

(1)

where we assume the compatibility conditions f(0) = A and f(L) = B for convenience. We discretize the region (0; L) × (0; T) into J and N subintervals, respectively, where T is the expiry time. We denote by h and k the constant step
sizes in the x and t directions, respectively. Let us first consider the explicit
Euler method to approximate the solution of (1):
(a)
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1 ≤ j ≤ J − 1, n ≥ 0

(b)

u0j

= f (jh) , 0 ≤ j ≤ J

= A, un+1
= B,
(c) un+1
0
J

n ≥ 0.

(2)

Since this equation is a one-step marching scheme and since it is explicit,
we can solve for the solution at time n+1 directly in terms of the solution at
time n. The disadvantage is that the scheme is only first-order accurate and
conditionally stable. Instead of equation (2(a)), we could use the implicit
Euler method:
− unj
un+1
j
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n+1
u
,
−
2u
+
u
j+1
j
j−1
h2
1 ≤ j ≤ J − 1, n ≥ 0

(3)
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which leads to an unconditionally stable first-order accurate scheme.
However, we have to solve a tridiagonal system of equations at each time
level. We now introduce and motivate the ADE scheme, which we can view
as a modification of scheme (2(a)) in which some terms are evaluated at time
level n+1 (or alternatively by taking some terms in equation (3) at the time
level n). The essential point is that we make use of the boundary conditions
in a clever way; in particular, we create two sub-solutions U and V:
Ujn+1 − Ujn
k

=


1  n
n+1
n+1
n
U
−
U
−
U
+
U
j+1
j
j
j−1 ,
h2
1 ≤ j ≤ J − 1,

Vjn+1 − Vjn
k

=

n≥0


1  n+1
n+1
n
n
V
,
−
V
−
V
+
V
j
j−1
j+1
j
h2
J − 1 ≥ j ≥ 1,

n ≥ 0.

(4)

n+1
n
Ujn+1 + Uj+1
− Uj−1
− Ujn
∂u
∼
∂x
2h

(7)

for the “upsweep” direction and
n+1
n
Uj+1
+ Ujn − Ujn+1 − Uj−1
∂u
∼
∂x
2h

(8)

for the “downsweep” direction. Again, this method is unconditionally stable
and the truncation error of each sweep is O(k). We note that we have used the
Towler–Yang method in our financial model. Finally, we mention that finite
difference upwinding can be combined with the Saul’yev method as discussed in Roache (1998). The scheme is conditionally stable and the stability
constraint is precisely the Courant–Friedrichs–Lewy (CFL) condition, which
makes it less robust than the other two methods.

We can write these equations in the computable form in which all righthand terms are known:
Ujn+1 (1

+ λ) =
λ=

Ujn (1

− λ) + λ



n
Uj+1

+

n+1
Uj−1

Domain Truncation and Domain Transformation
in Combination with ADE


,

k
h2

and



n+1
n
.
Vjn+1 (1 + λ) = Vjn (1 − λ) + λ Vj+1
+ Vj−1

(5)

Having computed these terms we then compute the final solution at each
time level:

1 n
Uj + Vjn , 0 ≤ j ≤ J, n ≥ 0.
unj =
(6)
2
Equations (4), (5), and (6) constitute the Barakat–Clark scheme (see
Barakat and Clark, 1966) for the diffusion equation. It is unconditionally
stable, second-order accurate and can be generalized to n-factor problems
(see Tannehill et al., 1997; Larkin, 1964). We note that the original Saul’yev
scheme is based on computing U at time level n+1 and V at time level
n+2. It is first-order accurate and performs better than the Barakat–Clark
scheme because the vectors U and V are the final solution at their respective time levels. From a computational viewpoint, we need one array in
memory instead of three arrays as is the case with the Barakat–Clark
scheme (4)–(6).

ADE for Convection Equations
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One component of the Black–Scholes PDE is a first-order convection term
that can be discretized using the ADE method. The second author has
discussed this problem and produced a scheme which is a variation of the
centered difference approximation to the first derivative of the dependent
variable in space (see Duffy, 2009). The scheme was discovered independently by Towler and Yang (1978). The scheme is unconditionally stable (see
Campbell and Yin, 2007). The truncation error for each sweep is O(k/h), but
when we take the average of the two sweep solutions this error becomes 0(k2 /
h). A variation of the Towler–Yang method is the approximation (see Roberts
and Weiss, 1966):

Many PDE problems in computational finance are defined on semi-infinite
regions. Then, the initial boundary value problem corresponding to these
kinds of PDE consists of defining boundary conditions at the near-field boundary where, by definition, one of the underlying independent variables is
zero. The far-field boundary is at infinity and no boundary condition can be
(or need be) given there. However, we need to define a numerical boundary and
associated numerical boundary conditions when we approximate the initial
boundary problem by the finite difference method. The accepted practice
in computational finance is to truncate the infinite domain in which the
PDE is defined and then to define numerical boundary conditions on the
far-field boundary of the new truncated domain. Some techniques for onefactor models are described in Kangro and Nicolaides (2000) and Wong and
Jing (2008). We do not discuss these techniques because we have discovered
more general mathematical methods for dealing with infinite domains and
the corresponding far-field boundary conditions. These methods are applicable to n-factor problems and they resolve many of the shortcomings of the
methods that we have just mentioned.
The approach we take is new because we bring a number of mathematical
techniques together and apply them to PDEs in computational finance. In
this way we resolve a number of problems. The first technique is to define a
function (or set of functions in the case of n-factor PDEs) that transforms the
independent variable on an infinite (or semi-infinite interval) to a variable
on the unit interval (0,1). We have shown how this technique works in Duffy
(2009) and we note that it is used in fixed-income applications (see Duffie,
2001; Sharp, 2006; James and Webber, 2000). The consequences are that
we also need to transform the original PDE into a PDE involving the transformed variables. How this is done is discussed in detail in Duffy (2009) and
involves little more than basic calculus. The second technique is to analyze
the transformed initial boundary value problem from the viewpoint of the
Fichera theory (see Fichera, 1956, 1960; Oleinik and Radkevic, 1973). This
theory allows us to determine how to discover the appropriate boundary
conditions for a wide range of elliptic PDEs with non-negative characteristic
form. In particular, we compute the Fichera function that allows us to determine which boundary conditions to prescribe at both near-field and far-field
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boundaries. We discuss the method and its applications in Duffy (2009) and
Duffy and Kienitz (2009). An application of the theory to interest-rate modeling is given in Reynolds (2009).
We now see how the Fichera theory, domain transformation, and ADE dovetail to produce accurate and efficient schemes for problems in computational finance.

Volatility, Nonlinear PDE, and ADE
In this section we discuss a number of methods to model and compute volatility. In particular, we discuss the uncertain volatility model (UVM) (Avellaneda
et al., 1995; Wilmott, 2006) and the local volatility model (Dupire, 1994). The
rationale for UVM is that the volatility of an underlying security is not
known exactly. Instead, we assume that it lies in a bounded interval. The
extreme values of the interval define a certain confidence interval in which
we expect the true volatility to be found. The resulting PDE is nonlinear and
is sometimes called the Black–Scholes–Barenblatt (BSB) equation; we discuss
it and its implementation using ADE in the next section. The BSB equation
was first derived by Hoggard et al. (1994) as a model for option valuation
under transaction costs.
As soon as we start investigating volatility models, we realize that the resulting PDEs are nonlinear or have features that pose challenges for popular
numerical methods. First, many nonlinear pricing problems can be formulated as optimal control problems that we can model as Hamilton–Jacobi–
Bellman (HJB) or related equations. Second, we need to develop monotone
discretizations that converge to the financially relevant solution, which is
also the viscosity solution in this case. Finally, we need to deploy an efficient
and robust finite difference scheme to approximate the solution of this class
of nonlinear PDEs.

Application I: ADE for Uncertain Volatility Models
In this section we discuss how to find the option price for problems in which
the volatility is not constant but is known to lie in some interval or range
[smin, smax] where smin < smax. In this case we say that the volatility is uncertain
because it does not have a single value. All we know is that it lies in some
range. More generally, uncertainty is a concept and it states that one cannot
predict the outcome of an experiment or a process. But what is possible is
that we can determine what cannot happen. Uncertainty is not the same as
randomness (Wilmott, 2006). In contrast to randomness – where it is possible to predict an outcome or solution – with uncertainty we do not have
probabilistic techniques at our disposal. We must acknowledge that we can
only give ranges for parameter values, and in the case of uncertain volatility
we determine what the range is by using historical volatility, implied volatility, or an educated guess. In numerical analysis we can model uncertain
parameters using methods from interval analysis (see Moore, 1966, 1979).
The presence of uncertain parameters leads to nonlinear partial differential equations. In this article the nonlinearity arises in the diffusion term
in the Black–Scholes PDE. It is reasonable to assume that an exact solution
cannot be found and we then resort to numerical methods, in this case the
finite difference method (FDM). We rule out standard FDM schemes such
as implicit Euler and Crank–Nicolson because their application leads to a
nonlinear system that we must solve at each time level. Instead, we use ADE
to solve the nonlinear PDE and the resulting system is linear and explicit. It
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can be solved at each time level without having to solve a nonlinear system
or even having to use LU decomposition. We note that Avellaneda et al. (1995)
use the trinomial method to approximate the solution of the nonlinear PDE,
but since this method is a kind of first-order explicit FDM scheme we do not
see it being able to compete with ADE. Further, ADE is easy to program and
to extend to multi-factor problems.
We would like to buy (sell) and risk manage options as cheaply (expensively)
as possible. The simplest assumption we can make is to assume the volatility is not constant but fluctuates in a range [smin, smax] where smin< smax. The
UVM (Avellaneda et al., 1995) is based on this framework. This model is useful because it manages the volatility used during the pricing as a function
of the sign of the gamma. This gives the best (or worst) in option price and
leads to the following nonlinear BSB PDE:
−

∂u 1
∂u
∂2u
+ σ () S2 2 + (r − q)S
− ru = 0
∂t
2
∂S
∂S

σ () =

⎧
2
⎨ σmin , ∂ 2u > 0
∂S
⎩

2
σmax , ∂∂S2u

<0

where  =

∂2u
.
∂S2

(9)

(10)

In this case we model time from t = 0 to t = T, hence the reason for the negative sign of the time derivate in equation (9).
The problem is nonlinear because the worst-case volatility is chosen as a
function of the sign of gamma. It gives us conservative prices for options
whose gamma sign changes during its lifetime (binaries, barriers, but also
option strategies such as call spreads). For options whose gamma sign does
not change (namely vanillas), the interest is limited since we will get the
Black–Scholes price with the volatility set to σmax.
In general, we get an “envelope” of prices that are not the same as those
produced by the standard Black–Scholes PDE with constant volatility. In this
case the price will be over-estimated in the worst-case situation. In particular, we realize that gamma can change sign and that for a given market price
we have two volatilities that correspond to this price (see Wilmott, 2006).
We now determine how to discretize the PDE (9), (10) using the ADE method.
To answer this question, we first discuss ADE for general nonlinear PDEs
and then specialize it to the PDE (9), (10). To this end, let us discuss the ODE
system:
du
= A(u)u + B(u).
dt

(11)

In general, this system arises when we discretize a PDE in the space variables only and not the time variable. The term A(u) is usually a nonlinear
function of its argument and B(u) is a linear function of its argument. This
approach is called the method of lines (MOL) or semi-discretization. The next
step is to discretize (11) in time. When using ADE we linearize (11) in the following way:
un+1 − un
= A(un )un+1 + B(un+1 ).
k

(12)

In the case of PDE (9), (10) we linearize the nonlinear coefficient of the diffusion term. The specific linearization that we have chosen in this article
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is based on approximations for the upward and downward sweeps. To this
end, we define the mesh function Cnj , Unj and Vnj as follows:
Cnj denoting the value of the option we are trying to price at time tn and
spot sj.
Unj denoting its value at time tn and spot sj after the upsweep.
Vnj denoting its value at time tn and spot sj after the downsweep.
Then:
n+1
n
− 2Cjn + Uj−1
Cj+1
∂2u
∼
,
∂S2
h2

(13)

n+1
n
− 2Cjn + Cj−1
Vj+1
∂2u
∼
.
∂S2
h2

(14)

Figure 1: Gamma stability between CN and ADE on a 125 × 25 grid.

The key point is to calculate the gamma properly throughout the life of the
option contract. It is clear that stability in the Greeks (and gamma in particular) is of central importance if we wish to implement the model properly.
Figure 1 shows the gamma of a 90–110 call spread for all spot values between
30 and 150 for both Crank–Nicolson (CN) and ADE on a grid with 125 spot
steps and 25 time steps. It is well known that spurious oscillations will
appear when using CN for a payoff with discontinuities (see Duffy, 2004),
hence leading to the development of other time-marching algorithms to
correct this issue. We have chosen a grid size that displays the limitations of
CN and the evidence shows that the need for smoothing payoff techniques is
removed when using ADE.
We transform the space domain using the following change of variable:
S
____
y=S+α
where α is a user-defined parameter.
We now solve the following transformed BSB PDE on [0,1]:
∂U
∂t

2

= A(y, t) ∂∂yU2 + B(y, t) ∂U
∂y + rU

where
A(y, t) = − 12 σ ()2 y2 (1 − y)2
B(y, t) = −(r − q)y(1 − y) + σ ()2 y2 (1 − y).

(15)

In order to apply the Fichera theory we need to find where the diffusion
term is degenerate. The lower bound for the volatility is always greater than
0; then the diffusion term A will be zero on the boundaries y = 0 and y = 1.
Hence we can apply the Fichera theory and calculate the Fichera function:
bF ≡ (y(1 − y)[(r − q) − σ ()2 (1 − y)])ν

where v is the inward normal vector on the boundary.
On the boundaries ( y = 0 and y = 1 ), bF is zero, hence the PDE degenerates
into an ordinary differential equation (ODE):
dU
dt

− rU = 0 when y = 0, y = 1.

The ODE can be integrated to produce a solution (in essence, Dirichlet
boundary conditions at y = 0 and at y = 1) (in the case of a put option):
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U(0, t) = Ke−r(T−t) , U(1, t) = 0.

The case of the boundary condition at y = 1 for a call option is trickier to
implement. At y = 1 the call value should be infinity, which leads to computational problems. In this case we can compute the put option value and get
the call value through call–put parity.
We now concentrate on writing the ADE scheme for the current problem
αyj
____
, where {yj}Jj=1 is the
with Cnj denoting the call value at time tn and spot sj= 1–y
j
set of mesh points in the interval (0; 1):
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Figure 2: Comparison of call spread [90–110] values on a 125 × 25 grid.

Upward scheme


Ujn+1 1 + rk + A(yj , tn ) hk2


n+1
k
A(yj , tn ) hk2 − B(yj , tn ) 2h
= Uj−1


k
n
A(yj , tn ) hk2 + B(yj , tn ) 2h
+ Cj+1


+ Cjn 1 − A(yj , tn ) hk2 , 1 ≤ j ≤ J − 1.

(16)

Downward scheme


Vjn+1 1 + rk + A(yj , tn ) hk2


n+1
k
B(yj , tn ) 2h
= Vj+1
+ A(yj , tn ) hk2


k
n
A(yj , tn ) hk2 − B(yj , tn ) 2h
+ Cj−1


+ Cjn 1 − A(yj , tn ) hk2 , 1 ≤ j ≤ J − 1.

(17)

Averaging
Cjn =


1 n
Uj + Vjn , 0 ≤ j ≤ J.
2

(18)

Results
In the following numerical example we study the previous 90–110 call
spread with the following parameters:
Interest Rate
Dividend Yield
Volatility Min
Volatility Max
Expiry
Spot Steps
Time Steps

0.00%
0.00%
20.00%
40.00%
1.00
125
25

Figure 2 displays the values produced by the UVM model and the Black–
Scholes model.
We note that the UVM price is always higher than the highest price given by
Black–Scholes, where volatility is set to either the highest or lowest values.

Application II: Calibrating Local Volatility
We now consider the local volatility model that allows us to price exotic
derivatives consistently with volatility smile/skew. In this model the volatility is not constant as in the Black–Scholes framework but is both time and
spot-dependent. The SDE for the underlying stock is given by:
dS = (r − q)Sdt + σ (S, t)SdW,

where r is the risk-free interest rate and q is the cost of carry.
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Dupire has shown that the local volatility function can be recomputed from
the price of vanilla options, hence allowing us to calibrate it consistently
with the observed volatility smile in the market:
2
(K, t) =
σlocal

∂C
∂t

∂C
+ (r − q)K ∂K
+ qC
K2 ∂ 2 C
2 ∂K 2

.

We impose some mild constraints on the local volatility surface such as
continuity and non-negativity (in order to avoid negative transition probabilities).
When rewriting Dupire’s formula (Dupire, 1994), one can easily find the
forward PDE that links the prices of call options with strike K and maturity
t, C(K, t):
1 2
∂C
∂C
∂ 2C
= σlocal
− qC.
(K, t)K 2 2 − (r − q)K
∂t
2
∂K
∂K

(19)

This equation is of importance when trying to forward calibrate a parametric local volatility function. Traditionally, the resolution is done using the
Crank–Nicolson method, which will require matrix inversions at each time
step (through LU decomposition, for example). This is very resource and
time-consuming – exactly what we wish to avoid in a calibration task.
Again, we use the following domain transformation:
y=

K
K+α

(20)

where the factor a could be set to S0, for example. Then the grid on which we
solve our PDE will always be centered on the ATM strike. We then solve the
new PDE on (0,1):
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∂C
∂t

Averaging

2

= A(y, t) ∂∂y2C + B(y, t) ∂C
∂y − qC

Cjn =

where


1 n
Uj + Vjn , 0 ≤ j ≤ J.
2

(24)

2
(y, t)y2 (1 − y)2
A(y, t) = 12 σlocal
2
B(y, t) = (q − r)y(1 − y) − σlocal
(y, t)y2 (1 − y).

Results
(21)

Since we constrain the local volatility to be strictly positive, we see that the
diffusion term A is zero only on the boundaries y = 0, y = 1. Hence we can
apply the Fichera theory. We then get the Fichera function:

We compare the results of ADE applied to the previous PDE for both constant
volatility (Black–Scholes model) and the CEV model. We report both the
option value (as a percentage of spot) and the error compared to the closed
formula of both models (in bps). We use the following set of parameters:
Interest Rate
Dividend Yield
Expiry
Volatility
Beta (CEV)
Spot Steps
Time Steps

bF ≡ y(1 − y) (q − r) − σlocal (y, t)(1 − y)


∂σ
y
× σlocal (y, t) +
∂y

ν

where v is the inward normal direction on the boundary. We are only interested in the Fichera function where the diffusion term A is 0 (y = 0, y = 1).
Since the term bF is zero on the boundaries, the PDE degenerates into an
ODE:
dC
dt

+ qC = 0 when y = 0, y = 1.

Figure 3 compares the exact solution of the CEV model with that produced
by the ADE method.
For the following results, we choose a CEV-type function for the local volatility:


This ODE can be integrated to produce a solution (in essence, Dirichlet’s
boundary conditions on y = 0, y = 1):

σlocale (S, t) = ν0

C(1, t) = 0, C(0, t) = Se−qt , where –S is today's spot price.

We can now concentrate on writing the ADE scheme for the current problem. With Cnj denoting the call value at time tn, we get:

Upward scheme


Ujn+1 1 + qk + A(yj , tn ) hk2

k
n
A(yj , tn ) hk2 + B(yj , tn ) 2h
+ Cj+1





+ Cjn 1 − A(yj , tn ) hk2 , 1 ≤ j ≤ J − 1.

(22)

Downward scheme
Vjn+1



1 + qk + A(yj , tn ) hk2

n+1





k
n
A(yj , tn ) hk2 − B(yj , tn ) 2h
+ Cj−1
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Figure 4 shows the accuracy of ADE using the local volatility.
As we can see, the results are acceptable. ADE can clearly be employed in
calibration work given its accuracy and speed. The same framework could
also be employed by market makers to calculate the full surface of call values
without any domain truncation error in less than half a second.

What distinguishes ADE from other finite difference schemes for timedependent problems is the way it discretizes the time derivative. The
method first discretizes the space variables to produce a system of linear (or
nonlinear) ODEs. In most cases we employ centered differencing to approximate the space derivatives. For convection-dominated PDEs we can optionally use exponential fitting to produce a monotone scheme (see Duffy, 2006).

(23)

Strike
50
75
100
125
150

Closed Form
50.0010%
25.5837%
7.9736%
1.4872%
0.1937%

ADE
50.0011%
25.5835%
7.9532%
1.4816%
0.1942%

Error (in bps)
0.01
–0.01
–2.04
–0.56
0.05

^



+ Cjn 1 − A(yj , tn ) hk2 , 1 ≤ j ≤ J − 1.
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Figure 3: Calibration error with Black–Scholes model.



k
= Vj+1 B(yj , tn ) 2h
+ A(yj , tn ) hk2

S
S0

Summary: Advantages of ADE and Comparison with
Other Methods



n+1
k
A(yj , tn ) hk2 − B(yj , tn ) 2h
= Uj−1


0.00%
0.00%
1.00
20.00%
–0.9
200
200
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Figure 4: Calibration error with a CEV model.
Strike
70
80
90
100
110
120
130

Closed Form
31.10%
22.21%
14.33%
8.00%
3.68%
1.30%
0.33%

ADE
31.10%
22.21%
14.33%
8.01%
3.68%
1.30%
0.33%

Error (in bps)
0.01
–0.22
–0.15
–0.82
0.06
–0.18
–0.02

In contrast to traditional time-marching schemes such as Crank–Nicolson
and implicit Euler, the ADE method discretizes the ODE in such a way that
the solution can be computed as the average of two unconditionally stable
explicit schemes. The method scales to n-factor PDEs and can be seen as an
example of an additive operator splitting (AOS) method, which solves ODE systems as the sum of a number of simpler problems. Another advantage is that
AOS schemes are amenable to parallel processing; each sub-problem can be
solved on a separate processor. Then the final solution is computed by summing the solutions from each sub-problem. This is in contrast to multiplicative operator splitting (MOS) (such as ADI and Soviet splitting), which are difficult to split and to parallelize. In general, we have seen that the ADE method
is approximately 35 percent faster than optimized implicit schemes.
We will discuss multi-factor and nonlinear PDEs in future articles.
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